We investigate the effects of including the full three-loop QCD correction to the static short distance 1/r potential on the spectroscopy and decays in the charmonium and upsilon systems. We use a variational technique with the full three-loop corrected potential to determine a set of unperturbed trial wave functions and treat the relativistic and one-loop corrections as perturbations. The perturbed results are compared to the subset of the charmonium and upsilon spectra using a χ 2 test. This approach results in more accurate descriptions of the hyperfine splittings in both the bb and cc systems.
INTRODUCTION
In an earlier publication [1] , two of us investigated the spectrum, leptonic widths, and electromagnetic decays of the charmonium and upsilon systems. We adopted a variational approach based on determining a set of trial wave functions derived from an unperturbed Hamiltonian consisting of a relativistic kinetic energy term, a long range confining potential and a short distance 1/r potential that included the one-loop QCD correction. These wave functions were then used to compute the contributions of the remaining relativistic and one-loop corrections to the short distance potential using perturbation theory. The resulting masses of the various states were then compared with a subset of the experimental values using a χ 2 test and the procedure was repeated until a χ 2 minimum was obtained.
The model in Ref. [1] yielded quite reasonable results, but there were some areas of concern. These had to do with the size of the hyperfine splittings and the values of some leptonic widths. Since both of these observables are sensitive to the values of the radial wave functions at the origin, we suspected that the trial functions, even with the inclusion of the one-loop QCD correction, were not sufficiently well determined at short distances.
To address this problem, in this paper we include the one-loop, two-loop, and three-loop corrections to the short distance 1/r potential in the unperturbed Hamiltonian. For the two-loop corrections to the static QCD potential we use the results of Y. Schröder, Ref. [2] . The three-loop results are those of A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Ref. [3, 4] . The two-loop and three-loop derivations were performed using the M S renormalization scheme. As discussed below, the use of the M S scheme requires a slight modification to our one-loop perturbative potential. With this modification, we can then repeat the variational calculation previously mentioned.
In Sec. 2, we discuss the modifications of the perturbative potential associated with changing it to the M S renormalization scheme and, in Sec. 3, we present the results for the charmonium and upsilon systems. Our conclusions are contained in Sec. 4. Several calculational details are presented in the Appendices.
MODIFIED SEMIRELATIVISTIC MODEL
We use a semi-relativistic unperturbed Hamiltonian of the form
where V (r) is the complete three-loop QCD short-range static potential [2] [3] [4] . The details of its calculation are given in Appendix A and the result is
where µ ′ = µe γ , µ is the renormalization scale and γ = 0.577216 is Euler's constant. The values of the constants a i and β i are given in the Appendix A. There is some question about whether or not the 216π 2 contribution in theᾱ 3 S term of Eq. (2) should be included in the static potential [5, 6] . Our results are essentially unaffected by removing this term.
The perturbative potential has the form
Here, V L is the order v 2 /c 2 correction to the confining potential,
The short distance potential V S [7] [8] [9] ,
must be modified in order to be consistent with the full three-loop QCD static potential V (r). This amounts to changing the renormalization scheme from the Gupta-Radford version [10] used in [1] to the M S version used in obtaining V (r). The transformation between the α S used in [1] andᾱ S is given by
where n f is the number of light quark flavors. From this relationship we now can write down the terms in the modified short distance potential as
RESULTS
In the process of treating V L and V S perturbatively, we compared the retention of the δ-function terms in V HF and V SI with the practice of 'softening' it by using a sharply peaked, differentiable function. This is a departure from [1] . With the modified H 0 , we found that the softened δ-function was preferable in the overall cc fit while bb spectra and hyperfine splitting [11] [12] [13] were better described by retaining the δ-function behavior. Following this procedure, the final parameters that resulted from the variational calculation are shown in Table I . The results for the spectrum of the charmonium system are shown in Table II . We set n f to 3 for the calculations. The description of the cc spectrum with the modified non-perturbative wave functions and a softened Results for the cc spectrum are shown. The states denoted by a * are used in the fitting procedure. In order to account higher order corrections, we used a 2.5 MeV error offset in the fit. All experimental data are taken from [14] .
hyperfine interaction is consistent with our earlier calculations [1] . The result of 117.0 MeV for J/ψ(1S)−η C (1S) splitting compares favorably with the 116.6 ± 1.2 MeV experimental value. The corresponding ψ(2S) − η C (2S) result of 83.2 MeV remains significantly larger than the experimental value of 48.1 ± 4.0 MeV. On the other hand, the three-loop unperturbed wave functions provide a better description of the leptonic widths, shown in Table III . The dipole decay rates, which depend on the matrix elements of r, are not particularly affected by the changes in the short distance behavior associated with the inclusion of the three-loop corrections. (1D) states are shown. The ψ(nS) widths include the QCD correction factor (1 − 16ᾱS/3π) and the relativistic correction described in [1] .
Upsilon System
The results for the bb spectrum, computed using n f = 4, are shown in Table IV . For the levels that are not particularly sensitive to the short distance behavior of the wave functions, the results are compatible with Ref. [1] . The main improvement is seen in the Υ(1S) − η b (1S) hyperfine interval [15] [16] [17] [18] , which has increased from 47.0 MeV to 62.0 MeV, much closer to experimental value of 62.3 ± 3.2 MeV. The 2S and 3S hyperfine intervals are also larger than those in [1] . Our calculation is also consistent with the recent discovery of evidence for a 3 3 P J multiplet from the ATLAS detector [19] [20] [21] [22] [23] . The leptonic widths are given in Table V .
CONCLUSIONS
The inclusion of the full three-loop corrections to the short distance static potential used in the determination of the unperturbed trial wave functions improves description of cc and bb observables that are sensitive to the behavior of the wave function near r → 0. This enabled us to retain the δ-function terms in the perturbative potential when treating the upsilon states and account for the larger ground state hyperfine splittings in both the charm and upsilon systems. These improvements can be obtained without a dramatic change in the descriptions of the overall cc and bb spectra.
The momentum space version of the complete three-loop short distance potential, V ( k 2 ), in terms of α S can be found in references [2] [3] [4] . Explicitly, the expression for
where the c i (x) are given by [24] .
In order to calculate the coordinate space potential V (r), Results for the bb spectrum are shown. The states denoted by a * are used in the fitting procedure. In order to account higher order corrections, we used a 2.5 MeV error offset in the fit. All experimental data are taken from [14] . The notation 3 3 PJ denotes the spin average of the 3 3 PJ levels. it is necessary to evaluate infrared integrals of the form
k 2 e i k· r = 2
These matrix elements, together with the matrix elements of the remaining terms in Eq, (1), define the variational equation
that determines the unperturbed wave functions and energies. Here N (k, k ′ ) is the overlap integral of the (non-orthogonal) radial wave functions and we typically use n = 12.
